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Abstract 

The first order corrections to the geometry of the (2+l)-dimensional black 
hole due to back-reaction of a massless conformal scalar field are computed. 
The renormalized stress energy tensor used as the source of Einstein equa- 
tions is computed with the Green function for the black-hole background with 
transparent boundary conditions. This tensor has the same functional form 
as the one found in the nonperturbative case which can be exactly solved. 
Thus, a static, circularly symmetric and asymptotically anti-de Sitter black 
hole solution of the semiclassical equations is found. The corrections to the 
thermodynamic quantities are also computed. 
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I. INTRODUCTION 



Black holes have fascinating properties. One of them is the fact that they radiate with 
thermal spectrum and might be expected to be in thermal equilibrium with the surrounding 
radiation in the form of a heat bath of quantum fields . 

The presence of the radiation fields is usually included as a small perturbation that can 
be ignored in the calculation of the geometry at lowest order. It is possible to consider 
the gravitational effects of the quantum fields by setting the expectation value of the corre- 
sponding stress-energy tensor as the source of Einstein's equations. It is expected that the 
inclusion of these semiclassical corrections would produce an improved description of the 
spacetime geometry. The calculation of these corrections due to the back-reaction of matter 
on the spacetime of a black hole in 2+1 dimensions is the aim of this paper. 

In four dimensions the back-reaction problem has been vastly studied P,^. Nevertheless, 
the calculations are quite difficult and necessarily require approximations whose validity 
could be questioned. If the aim is to compute the corrections to order h to the geometry, 
one should also include the corrections of the same order coming from quantum gravity. 
In the absence of a consistent quantum theory of gravitation however, the semiclassical 
approximation is doubtful. 

The semiclassical approach is considerably better posed in three dimensions, where a 
consistent quantum theory of gravity is expected to exist . Three-dimensional gravity has 
no propagating degrees of freedom and at each point the Riemann tensor is completely de- 
termined by the matter sources there. Nevertheless, 2+1 gravity with negative cosmological 
constant has a rich mathematical structure and a number of interesting classical solutions 
including the recently found black holes (BTZ solution). The possibility of construct- 
ing a quantum theory of gravity and the existence of nontrivial solutions has made of 2+1 
gravity an interesting test ground for understanding the main problems of the 3+1 theory 
in a simplified setting [^|[. 

The back reaction on the 2+1 black hole due to conformally coupled fields in certain 
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approximations was studied by Lifschytz and Ortiz g], and by Shiraishi and Maki [jlO . 
There, asymptotic expressions of the metric for r ^ oo and for large M are given. The ansatz 
proposed in [^] does not satisfy the modified Einstein equations, making its interpretation 
somewhat obscure. In both these articles the metric -in spherical coordinates- takes the 
form —gtt = g^^ ~ — M + 0(r^^) and this is also the case for the exact solution of the 
semiclassical equations analyzed below. 

In a previous article we constructed an exact black- hole solution in 2+1 dimensions 
interacting with a conformally coupled scalar field The system is described by the 

action / = /grav + /matter, whcre 



^ J d'xy^[R + 21''] (1) 



-^grav 2 

and 
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/matter = "/ d'x^ [- (^'^^ V^^ V.^ + J^/? , (2) 

where k = SttG and — is the cosmological constant. 

The conformal coupling of the scalar field produces a remarkable simplification of the 
coupled equations that makes it possible to solve them exactly. The exact solution con- 



structed in Ref. |]TT| is nonperturbative and the scalar field cannot be continuously switched 
off stripping the black hole of its surrounding matter field. 

In this note we turn our attention to the back reaction problem, on the geometry due 
to a small perturbation around the matter-free BTZ black hole. The renormalized one- 
loop effective stress-energy tensor is given in terms of the propagator for the scalar field 



conformally coupled to the black hole background. Avis, Isham and Storey [0 calculated 



the two point function for anti-de Sitter space in 3+1 dimensions with various asymptotic 
boundary conditions. Their approach was also used in P JT0| , p!3| to calculate the propagation 



of scalar fields in the background of the 2+1 black hole. The propagator on the BTZ 
background can be obtained from the one on the universal covering of anti-de Sitter space 



(AdS) using the fact that the black hole geometry is the quotient AdS/{H}, where {H} is 
a discrete subgroup of SO (2,2) [§. 



The paper is organized as follows. The construction of the Green function and the 
evaluation of the one-loop stress tensor is summarized in section II. In section III we evaluate 
the corrections to the geometry and thermodynamics of the black hole. The results are 
discussed in section IV. 



II. QUANTUM FIELD THEORY ON THE BTZ BACKGROUND 



In order to evaluate the back reaction we need to compute the stress tensor for a conformal 
scalar field (Q) which in the black hole background reads 

1 



T, 



(3) 



where we have used that (7^,^ = /"^ g^^, for the solution and the field equation □ \I' — ■|\E' = 0. 

The expectation value (T^j/) is obtained by differentiating the two-point function G{x, x') 
and taking the limit x' x M. This point-splitting regularization yields 



lim — 



SV^Vf - g,ug-^V:V^; - - —g,. x' 



(4) 



The computation of the two-point function G{x, x') = (0| |0) on the 2-1-1 black- 

hole background is greatly simplified by the fact that this solution can be obtained from 



AdS through identifications by means of a discrete subgroup of the SO(2,2) isometry group 
0. We briefly review this construction. 

The universal covering of anti-de Sitter space can be defined as the 3-dimensional pseu- 
dosphere embedded in IR^'^, S = {u gR^'^/ — u\ + u^ — u\ + u\ = — /^} . The hypersurface 
S can be parametrized by coordinates 0<r<cxD, — cxd<0<cx3 and — cxo < t < cxd in the 
form 

r 

Ml = 
U2 = 



M 



cosh VMe 



M 



sinh VMe 



MP 



Us 

U4 



M 



■ sinh VMI-H 



\r'^ - MP\ . 

± J TT^ cosh ^fMP^t 

V M 



In these coordinates, the metric on S is that of the black hole solution 

\ -1 



ds^ = 



M 



(5) 



where we identify the mass M and event horizon, r_|_ = yMl. There is one important 
difference however between the geometry of S and that of the BTZ solution because in the 
latter 9 has to be identified with 9 + 27r. In the coordinates of the embedding space M^'^ the 
identification means taking the quotient by the element of SO(2,2) acting on S by boost on 
the Ui — U2 sections. 



cosh27rVM sinh27rVM 

sinh27rA/M cosh27rVM 

10 

1 



Since the group of isometric translations on AdS generated by H is Abelian, its action 
on a field can be represented by 

where 5 is an arbitrary phase. For a field with periodic boundary conditions S — { "bosons" : 
^(^) = ^'(6' + 27r)), while for fields with antiperiodic boundary conditions 6 = tt ("fermions": 
^{9) — —^{9 + 27r)). Contrary to the situation in 3+1 dimensions, the phase can take any 
value because a rotation by 2% is not homotopic to the identity and anyons might exist. 
Then, the propagator on the black-hole background is a superposition of the amplitudes of 
propagation from one point to another along trajectories on every possible homotopy class, 
that is. 



Gbtz{x,x') = e-''''G^{x,mx') , 

neZ 



(6) 



where Hx' denotes the action of H on x'. Thus the problem of finding the propagator on 



the black hole background reduces to a simpler one on AdS space. 



Inspite of the simplification mentioned above, a difficulty arises from the fact that AdS 
is not a globally hyperbolic spacetime and it is necessary to impose boundary conditions 



at (time-like) spatial infinity in order to formulate a sensible quantum field theory. This 
problem was carefully analized, in 3+1 dimensions, in Ref. [0, where it was shown that there 
are three resonable boundary conditions for a scalar field at the spatial infinity: Dirichlet(D), 
Neumann(N), and "transparent" (T). The same boundary conditions can be imposed in 2+1 
dimensions [Q. In particular, for a conformal scalar field described by the action (0), the 
corresponding Green functions are p|] 



AdS^ 



1 




47r 


1 




4:71 


47r 



(^ + 4/2)-l/2 



(7) 
(8) 
(9) 



Here cr(x, x') is the square of geodesic distance between x and x' in the embedding space of 
iS, ' ^ Clearly, only two of these Green functions are independent and it is also possible 
to define a Green function with "mixed" boundary conditions, namely 



1 

47r 



-1/2 



a 



a + 4/2)-i/2 



(10) 



which includes the previous cases [|10 

For x' ^ X the n = term in the sum (|^) diverges and therefore (T^jy) must be renormal- 
ized subtracting this term. This expectation value was evaluated, for the spinless black hole 
under Neumann and Dirichlet boundary conditions in |^ ; under mixed boundary conditions 
in [rU|; and for a rotating black hole with transparent boundary conditions in [^]. 
For transparent boundary conditions, (^ is 

h 



(11) 
(12) 

where the right-hand side of eq. (pTD is evaluated in units such that G = 1/8, M is the ADM 
black- hole mass, and Ip = h/8 is the Planck length in three dimensions^. 



K (r;) = -5 F{M) diag(l, 1, -2) , with 

F(M) = M!!1y ^-^ns cosh2nnVM + 3 
^ ' 2^2 ;S (cosh 2™ VM- 1)3/2 



In three spacetime dimensions, the Planck mass, defined hy m pip = h, is independent of H, 
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The series (12) converges exponentially for any M > and the stress tensor is finite 
everywhere except for r 0. The divergence at the origin arises from the fact that r = 
is a fixed point under the action of H. For M >> 1, the first term dominates the series 
and F{M) ~ e~'^^^, that is, {T^^) vanishes exponentially for large M. For small M (T^^) 
is finite. 

We observe that {T^^,) is conserved and traceless. This is consistent with the known fact 
that there are no anomalies in odd dimensions p|. 



III. BACK REACTION 

The 0(/;.)-corrections to the black hole geometry due to the surrounding conformal scalar 
radiation field are given by the semiclassical equations 

Gfxu - l~'^gtiv = 1^ (^M^) , (13) 

with (T^,) given by (|11|), (|T2|). 



A. Geometry 

Let us look for a static and circularly symmetric solution. The ansatz 

ds^ = -A{r)df + B{r)dr^ + r^dO^ 

is a solution of the semiclassical Einstein equations (|13D if 

B' 

2rB^ 
A' 

2rAB 

2ABA" - AA'B' - BA'^ 



_2 _ lpF{M) 
.2 lpF{M) 



2lpF{M) 



(14) 
(15) 
(16) 



mp = 8 and k = ir. 
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where prime denotes d/dr. These equations are the same as those encountered in the non- 



perturbative case discussed in In fact, the r-dependence of T^u for the nonperturbative 



solution of ||rT| is the same as that of {Tp.v)- The solution for A and B depend on two inte- 
gration constants. One of these constants can be set equal to 1 by a time reparametrization, 
while the other (C) can be seen to correspond to the ADM mass of the perturbed solution. 
The modified metric is, to first order in h, 

(17) 

The 0{hr^^) corrections to the metric do not change the value of the ADM mass and 
therefore this integration constant must be identified with ADM mass of the unperturbed 
black hole, C = M. For M >> 1 the F{M) -> and the BTZ black hole is recovered. 
Naturally, the metric ([TTD has the same form as the conformally dressed black hole metric 
found in . 



The horizons are the real positive roots of 

rl'^g'-^ = r^ - Mfr - 2lpF{M)f = . (18) 

For periodic fields, F{M, 6 = 0)= F^ > 0, and this equation has only one real positive root 
which, to first order in h, is 

r^.VMu'-^, (19) 

that is, the horizon of the perturbed solution lies outside the horizon of the unperturbed 
black hole. In the case of twisted boundary conditions (6^0), the real part of F can become 
negative. In particular, for 5 = vr, F{M, 6 = 7i) = —F^ is negative and Eq. (0) has two 
real positive roots which, to first order in h, are 

r—^ IpF-(M) 2lpF-(M) 
r+ = VMl - ' , r_ = ' . (20) 

Thus, an inner horizon results from the antiperiodic boundary conditions. Also, extreme 
black holes can exist if ([18|) has a double root. This occurs for 
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M 



3 rj-F-{M) 



2/3 



(21) 



This relation has a unique solution for M and the horizon radius satisfies 

^extreme 



A 



Compton 



167r 



0(10" 



(22) 



B. Thermodynamics 

The 0{h) corrections to the temperature can be computed using the standard formula 
(for the nonextreme case) valid if guOrr = k-^T = —h{g[^r+/ 



knT = h 



M ^ lpF^{M) 



(23) 



27r/ nMP 

The leading term of above expression is the temperature of a BTZ black hole of mass M. 
The entropy of the perturbed black hole can be found from the first law of thermodynamics, 



T 



Integrating this relation, we obtain to first order in h, 



2h 



, rSGM 



(24) 



The first term is the entropy of a BTZ black hole of mass M and equals | x [Horizon Area] 
in Planck unitsQ. The constant 5*0 should be chosen so that S vanishes as r+ ^0. However, 



the lower limit of integration in (|2J) cannot be taken equal to zero because the expression 
for r+ to first order in Ip given ([l|), (^) is vahd for 8GM » (^)^^^ 



IV. DISCUSSION 

We have computed the exact, circularly symmetric metric produced by the one-loop ef- 
fective energy momentum tensor of a quantum scalar field conformally coupled to gravity. 



^Here the constant G, which was previously set equal to 1/8, has been restored. 
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The solution is a modification of tlie BTZ solution with 0(^r~ ^)-corrections. These cor- 
rections produce a curvature singularity at the origin, so the perturbed geometry is not a 
constant curvature spacetime as the unperturbed black hole. 

The metric ( p!7| ) has the same form as its nonperturbative classical counterpart |11|. It 



seems a remarkable coincidence that the perturbative solution around \E' = should obey 
the same equations [c.f., Eqs. (14-16)], as the one found in the fully nonperturbative field 



configuration, \& = \l ^^2r+r+) (^^^ Ell)- This can be understood as a necessary consequence 



of the conformal coupling and of the pecularities of 2+1 gravity. 

Indeed, Einstein's equations in the gauge gudrr = —1, imply that the static, spheri- 
cally symmetric metric is totally determined, up to two constants of integration, whenever 
the condition = holds. Now, the absence of trace anomalies in 2+1 dimensions 
guarantees that the tracelessness of Tj(f, due to the conformal coupling, remains true in the 
semiclassical approximation. Therefore, both the fully nonperturbative Einstein equations 
and the perturbative semiclassical ones have the same solutions, except that the constants 
of integration are fixed in the first case and not in the latter. 

A related issue is the fact that quantum gravity in 2+1 dimensions is renormalizable and 
finite This means that the only radiative corrections to the geometry are produced by 
the quantum excitations of the matter fields, since the perturbative expansion receives no 
corrections from graviton loops. 

We observe that the corrections to the temperature and entropy are linear in F{M). 
Since F{M) ~ e^^^^ for large M, these corrections are strongly supressed in the massive 
holes. Thus, the back-reaction becomes large for small masses compared to the Planck mass 
(which, in three dimensions is independent of h). 

As seen from Eq. (p2D, the Schwartzschild radius of an extreme the black hole is of the 
same order as the Compton wavelength of the state. This implies that extreme holes should 
be viewed as fully quantum systems, for which the semiclassical approximation could not be 
trusted. 

Another point of interest has to do with length scales. The corrections induced by {T^,^) 
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depend on the ratio Ip/l^ that is, the size of the Planck length (which is hnear in U) relative 
to the radius of the universe (fixed by the cosmological constant). Therefore, for small 
cosmological constant (/ >> 1) the perturbation on the geometry produced by radiation 
fields is negligible. 
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